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1.1 & Bk
Consider the Poisson equation:

p(x,y)
€0

Vip(z,y) = —

from electrostatics on a rectangular geometry with z € [0, L,] and y € [0, L,]. Write a program that solves this
equation using the relaxation method and test your program with the following cases:

(a) p(z,y) =0, ¢(0,y) = ¢(Ls,y) = ¢(z,0) =0, p(x,L,) =1V, Ly = 1m, and L, = 1.5m;

(b) pzy) 1V/m?, ©(0,y) = ¢(La,y) = ¢(z,0) = o(x,L,) =0, and L, = L, = 1 m.

€0
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4
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=1
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1.3 {A{XH5

Powered by IXTEX pseudocode generator

Algorithm 1: Jacobi Method for Solving Poisson’s Equation

Input: ¢ (potential matrix), tolerance, max_iter

Output: ¢ (updated potential matrix)

1 d2? < d2?, dy? < dy?, denom < 2 x (dz?® + dy?) ; // Precompute constants
2 for it + 1 to maz_iter do

3 Onew < @ ; // Create a copy for new updates
4 for i <1 to N, —2 do

5 for j <+~ 1to N, —2do

6 ‘ newli, ] (¢>[i+1,j]+d>[i*1,j])Xdy2+(d>[i,jjelr];rr;¢:[i,j*1])Xd$2+dw2XdyQXpeo[i,j] : // Jacobi update
7 end

8 end

9 max_change < max(|¢new — @) ;

10 if max_change < tolerance then

11 return ¢,ey ; // Convergence reached
12 end

13 ¢ — Dnew ; // Update for next iteration
14 end
15 return ¢ ; // Return after max iterations



https://chatgpt.com/g/g-xJJAA2awf-latex-pseudocode-generator

Algorithm 2: Gauss-Seidel Method for Solving Poisson’s Equation

Input: ¢ (potential matrix), tolerance, max_iter

Output: ¢ (updated potential matrix)

1 da? < dx?, dy? < dy?, denom < 2 x (dz? + dy?) ; // Precompute constants

2 for it + 1 to maz_iter do

3 max_change < 0 ; // Reset max change for this iteration
4 for i<+ 1to N, —2do

5 for j < 1to N, —2do

6 Pola < @i, j] ;

7 o[i, §] < (¢>[i+1,j]+¢>[i*1»ﬂ)Xdy2+(¢[i,jjelr};rri>[i,j*1})de2+d:v2XdyQXpeo[M] : // Gauss-Seidel update
8 max_change < max(max_change, |¢[i, 7] — ¢o1d]) ; // Track max change
9 end

10 end

11 if max_change < tolerance then

12 return ¢ ; // Convergence reached
13 end
14 end
15 return ¢ ; // Return after max iterations

Algorithm 3: SOR Method for Solving Poisson’s Equation

Input: ¢ (potential matrix), w (relaxation factor), tolerance, max_iter

Output: ¢ (updated potential matrix)

1 d2? < d2?, dy? < dy?, denom < 2 x (dz? + dy?) ; // Precompute constants
2 for it + 1 to maz_iter do
3 max_change < 0 ; // Reset max change for this iteration
4 for i < 1 to N, —2 do
5 for j < 1to N, —2do
6 bola < Bli, j] ;
. Brow (¢[i+1,j}+¢[i—1,j])><dy2+(¢[i7j-ge1l]1;&—n¢q>[i,j—l])><dac2+d;r2><dy2><p50[i,j] : // Standard update
8 oli, j] + (1 —w) - dold + W * Prew ; // SOR update
9 max_change < max(max_change, |¢[i, j] — do1d]) ; // Track max change
10 end
11 end
12 if max_change < tolerance then
13 return ¢ ; // Convergence reached
14 end
15 end
16 return ¢ ; // Return after max iterations




1.4 ZERRH

1.4.1 Case (a): TIEBRf, =il

(base) gilbert@Gilbert-YoungMacBook src % python —u poisson.py

=== HM A RERBH ===
BEEERBOERM:

a- LKEM, MFEHRHIVER KOV

b - 945 EW (p/ee = 1 V/m2), BHREHOV
c- BEXWSFEMMbLRAEH

d

BEE (Nx, Ny) I8 RERXE (max_iter), RO EGFEHBRIAE:

O A S8 Nx (ZRiA 50):
A& S B Ny (BRIA 75):

/,"(’ﬁ& max_iter (ZRiA 10000): 1000
FF 44 {3 A3 38 B0 M
nfE 1000 AN, RE—THEMA 1.27e-03

§ ‘h&ﬁﬁlqﬂﬂik n: 999

FA #8 B0 {0

£ jacobiBF ERE ...

JacobiZ 3% iA Bl & A & X /R #1 100017 < UK 8%

RARE: 6.29e-02V

BAREME: (x=0.490m, y=0.912m)

ERORE : 1000

RERE : 0.0200%)

2024-11-25 18:05:20.419 python[15777:372426] +[IMKClient subclass]: chose IMKClient_Modern

2024-11-25 18:05:20.419 python[15777:372426] +[IMKInputSession subclass]: chose IMKInputSession_Modern

1§ B gauss_seidel5ERBE ...
Gauss-Seidel/ i% iA 3l & K i £ /% £ 10001 7k LK 8%
BABE: 1.38e-02V

BEARBEME: (x=0.490m, y=0.770m)
ERRE: 1000

KEERT B : 2.7074%

fEAsorhERE. ..
FTRASMHEMNBEF: w = 1.899

SORJ5 3% 7£ 55 202)% 3% X U 8%
BABE: 7.25e-03V

BEAREME: (x=0.959m, y=1.439m)
ERRE: 202

KEERSE : 0.6313%)

i (a): Lt

AR M B OB AR BT E 1000, LA = R0 77 CHORS BE S URSIOE & . 7T LR 2R S RT i ok
RZEEH, Jacobi JTiENIRZE K, M Gauss-Seidel JriLfIRZER/N, SOR TRk RN, HAEH 202 £E T
WSHZE TR G . FEREIN T, Jacobi [RIARTRELMIHSC B3 ¢, T LIS T2 4fE 0T, BT LARERS SIfidRdE, 1
Gauss-Seidel J73% (F30) BFIAFEALRHENN ¢, FERHK, SOR JiENTWEZH, BARIHT, Al s,

ERTH IR 2 A A, Jacobi 5 Gauss-Seidel JyiE AR ZEETERMCL, ekl 22 st fEFunat . (EIRZEFE /NN,
1M SOR 7L LA, Sk ZE AR A AESAL, XA T A SR, EIBT jJ R4 e H
WLE IR, SOR. 1 BE B Atk HLJ7 [l
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1.4.2 Case (b): ¥5RBAT, MilfEit

(base) gilbert@Gilbert-YoungMacBook src % python —u poisson.py

== AWM A RERER ===
BIAEERBHOEA:

a- ZLiFEm, MBBBANIVERAO

b - 5EM (p/ee = 1 V/m2), R R
c - BEXWYIBEmMMDRFME

BRAED (a/b/c): b

BRMAMESE (Nx, Ny) & KERRE (max_iter), REFFEHKINME:
BB x S EAMESE Nx (BRIA 50):

HHEA y HEBMERE Ny (RIA 50):

JREL max_ 1ter (2%i\ 10000): 3000

27 n m=49 DNAFKY, BATIEMA 2.71e-21
Eﬂ‘l’ﬂzﬂlbﬁn& N=11, M =49
K

BEMARANER
INFO: root: & #7
BTREANE

{EF jacobiFEREE ...

Jacobl)"i:ﬁﬁ?ﬂEJ’(LT‘E)T\?&%@@‘[E?EL&QI

RARE: 2.25e-04V

BAREME: (x=0.571m, y=0.449m)

® R RE : 3000

KEERTE : 0.0443F)

2024-11-25 18:07:32.196 python[15971:375251] +[IMKClient subclassl: chose IMKClient_Modern

2024-11-25 18:07:32.196 python[15971:375251] +[IMKInputSession subclass]: chose IMKInputSession_Modern

1# F gauss_seidel/5 % 3R fig .
Gauss—Se1deU‘5,£T‘%2537;A 1 I 85
BARZE: 1.67e-04V

BARENME: (x=0.980m, y=0.469m)
EA R 2537

KREERTE : 4.3666F>

: (x=0.980m, y=0.449m)

RF ] Jacobi 7 3000 Yk rRAE IS, Gauss-Seidel Jik{E4s 2537 ik GEENTSL, 1] SOR J7ikfe4s 133
PRS2 S R

HEE B FE IR, 75 x Jr BT W1 AR, LT LA F B PR TR e . %4 S
W5 b BORORRNTAR x 7 IZRECRIST N MR, W2 RN R S8, ERTSCRTANY . R ik
M 60 RO ST
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1.4.3 Case (c): ¥5FERR, BEXILR

(base) gilbert@Gilbert-YoungMacBook src % python —u poisson.py

=== JAM K EREHE ===
BIERERBHURG:

a - ZiRERmM, MEEBRIIVERROV

b - S EW (p/eo = 1 V/m2), BREHOV
c - BEXHYRMABL R KM

BEBWMANED (a/b/c): c

== BFRMANBEXSE ==

(GE: FRIBRERMAXK(n), BHEBMMRE (V)
BFRMA x FEKE Lx: 1

BWMA y FEKE Ly: 2
BN DR AN (p/ee): -1

EWMANDREEE:
left BHRBEH: 1
right JHFRBHE: 2
bottom i

KR E (max_iter), REZF{FEHRINE:
50): 100
100): 200
BERARAER R max_iter (2XIA 10000): 5000
INFO:root:f24T#E7 n = 11, m = 199 FIR AU, B AT AN 3.32e-22
£ n = 447 BT84 (B 8 E0Oa L
BTBAERA n E 3000 AN, RE—AMN 4.25e-04
£ n = 447 BT84 (B 5 EOE L
BTBAERA n E 3000 AN, RE— AN 8.4%-04
7 n = 113 B FF 84 4E A 38 H0A M)
, RE—MRMA 4.25e-04

BWi: N=11, M = 199
BEM: n = 2999

{E A jacobiF ERER. ..

JacobiZ & iA Bl & K & 1 )R # 50001 5k UL 85
RARE: 3.46e-01V

EARBENME: (x=0.505m, y=1.035m)
‘AR : 5000

RERRT B : 0.7881%)

2024-11-25 18:09:15.298 python[16107:377295]
2024-11-25 18:09:15.298 python[16107:377295]

{# Fl gauss_seidelFERFE. ..

Gauss-Seide /5 3% iA Bl & K & X /X ¥ 50001 7k U 8%
BRARZE: 7.29e-02V

EARBENMNE: (x=0.495m, y=0.995m)

ER R 5000

BEAY 8 : 70.1102%

orFiEKRE...

RAAMEF: w = 1.952

7E 58 4397 3% £ I 8%

Z: 2.62e-02V

EZME: (x=1.000m, y=1.960m)
MRE: 439

Bfg: 7.0361F%

MEEE LA N
IANEBE
RN

=
N

K7 (c): Lttt

APAETIE XA I S ) oy, DU R AR e S AR . B 158 SR TAE55 -
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B 9: (c): WshZexstt

2 FH 2: GEERERAEKE
2.1 RBE#EA

Solve the time-dependent Schrodinger equation using both the Crank—Nicolson scheme and a stable explicit scheme.
Consider the one-dimensional case and test it by applying it to the problem of a square well with a Gaussian initial
state coming in from the left.

Hint: The Gaussian initial state could be expressed as:

U(z,0) = \/Z exp [ikox - (“7_250)2] .

2.2 EF#IA

AREFPEIL Parameters FEM AL, WIHEMRSE (W) « HBPF2% (EE. BESTOAE)
AR oIa iz (B MBS o X T4 SchrodingerSolver >Kfffarkkzt, f15% [ Crank-Nicolson

12



ik 5 B A A R R, DO — I i ik, e & A S BCE G2 Von Neumann F2 @M. P sRffds
CrankNicolsonSolver 5 ExplicitSolver 4tk B3, 73 HISLH T Crank—Nicolson f#i2: 5 W Uik . AR R
— R

maw(x,t) R 0%(x,t)

+ V(z)y(z,t)

ot 2m  Oa2
TR A =m =1 MUfETA 5 5
1
3 =2tV

BHULIE o MR E o5 = jAx MR " = nAt QR EUE.

2.2.1 Crank-Nicolson Ei%

KT idn TR Gauss-Seidel 154, A Crank-Nicolson FIEX I [ FHCR HIAT IR 27, X b2
T 23[R PR REIIR IS [ DI R n A n + 1 R9SPEY, AP

n+1 n n+1 n+1 n+1 n n n
P Al A 0 S M L R W SV GRS
At 4 (Az)2 (Ax)2 PR J

N e A TR K e S R 13147 D gl e

A LABEHOA P AL T

Hipj = — (j+1 — 205 + i) + Vi

1
2(Ax)?
SEBRARS LI, R T A SRR, (R AT = By, R A =T+ i§tHEB =1 i§'H, |)

1+ 20+ B Ta 0 0
Fa 1+ 2a+ %Vg Fo
A,B= 0 Fa 1+ 20+ Bty - 0
: ' . Fo
0 0 Fa 1+42a+ By,
Hrf o = , BERKFF 2 Von Neumann F2iEPESR A

E@eﬂc EP =XHARRE M CsC MbiAs it , JFffi A scipy.sparse.linalg.spsolve JEfT3KfE, LAE
BRI A A
2.2.2 BREE

TAE BT A S ECS 2 B SECR RO ES . AEAGHHAR I A AR 28 A1 S EOH T 71

n+1 1 n n
Z¢ wn _ 1 J+1 2¢’j +¢j71 FVn
2At 2 (Az)2 Y3

W] LAE et AT At
Z

U}nﬂ (e T+ (¢j+1 + Q7 = 207) — 2iAtVR
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WNFEREZ RN

At
wn-&-l — 7’/}n—l + (le)QLwn _ 2ZAtV’¢n
Hrp V ATEBRYSAREIT, ShREWUN B i R A
-2 1 0 1
1 -2 1 0

SRS A WAE L L, 1R np.roll W%l CHEEIERMIL R T RS ) . Eaett
BT Ly FEE— RIS ¢ B Crank-Nicolson $iERETEE— Ll Z S #b6EH AUSABEA TIE AL o

2.3 (AR

Powered by IXTEX pseudocode generator
Algorithm 4: Crank-Nicolson Method for Time Evolution (Optimized)
Input: ¢ (initial wave function), At, Az, V (potential), N, (spatial resolution), N; (time steps)

Output: Ypistory (Wave function at all time steps)

1 o+ iAt/(4Az?) ; // Precompute coefficient
2 A + ConstructMatrix([—a, 1 + 2a + iAtV /2, —a],[-1,0, 1], Ng) ; // Left-hand matrix
3 B <« ConstructMatrix([o, 1 — 2a — iAtV /2, ], [—1,0,1], N,) ; // Right-hand matrix
4 fort<+1to N;—1do

5 1) < spsolve(A,B-v) ; // Solve Ayl = By
6 Append ¥ to Ypistory ; // Record updated wave function
7 end

[0 ]

return whistory

Algorithm 5: Explicit Time Evolution with Crank-Nicolson First Step (Optimized)
Input: ¢ (initial wave function), At, Az, V (potential), N, (spatial resolution), N; (time steps)

Output: Ypistory (Wave function at all time steps)

1o+ iA/AZ? Pprey Y, Yhistory < [¥] ; // Initialize constants and history
2 1) < CrankNicolsonStep(¢), At, Az, V) ; // Perform first step using CN method
3 Append ¥ to Ynistory ; // Subsequent steps using explicit method
4 fort <+ 2to N; —1do

5 Yeurrent < U, Yjp1 <= 0p.r0ll(Yeurrent, 1), Yjm1 < np.roll(Yeurrent, —1) ; // Compute shifts
6 | LyY" < Yip1 + Yim1 — 2%current ; // Laplacian action
7 | Pprey + s (L") — 20AV - Youprent ; // Update t("+1)
8 Yprev < Yeurrent ; // Update ("1 for next step
9 Append 9 to Ynistory ; // Record updated wave function
10 end

11 return Yyistory
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3 #B 3. KIAFREXKBERERME

3.1 Bk

Prove the stability condition of the explicit scheme of the 1D wave equation by performing Von Neumann stability

analysis:
Pu 282
o2 T ax?
If cAt/Ax < 1, the explicit scheme is stable.

3.2 BB
i F A2 BT UL

Uil = 2Uiy + Uil pUit1j — 2Uij + Uio1
At? AV

4 oa=St, MRS N

Ui jt1 = 2Ui5 — Ujj—1 + 042(Ui+1,j — Ui + Ui—15).
R AR A A IE R, u; = BB RN TS E:

GIH1GIKIAT _ o¢j iKide _ gj—1iKile | 2 (fjeiK(iJrl)A:v _ gl giKide gjezK(iq)Ax) .

. . KA
£_2+1/€:a2(ezKAx+ezKA:r:_2):_4a28in2< $)

# B =1-2a%sin? (552), Jietbhy:
€2 —2B6+1=0,

E=p VB L

RIS - SEHHEREE T, TR RRE, BRI T € URGERE 1€ < 1 |F B =1-2a%sin® (552), 4
Bl < 1B, A B2 —1<0, I €= 8xiy1- 52, BHAGITN:

€] =VB2+(1-p2) =1
Wi—H (8> 1. W Jep] > 1, BUEFTBAFE. Fib. KT 6 <1, Tl

0<a? sinQ(KAx) <1, VKeR
JRRIEER
o= ﬂ <1
Ax

G — e SRR B A= R AR E R o
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