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One-dimensional Kronig-Penney problem. Considering the Hamiltonian of the system as
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2m, 02

+ V(z)
with a one-dimensional periodic potential V() = V(z + a). The potential can be expressed as

0, if0<z<Lw,
Vix) =
Uy, if Ly <z <a

and the period of the potential is a = Ly 4+ Lp, which is also shown in the Figure below.
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K 1: Kronig-Penney potential well

With parameters:
Up=2eV, Ly =09nm, Lp=0.lnm (a=1nm)

Using FF'T, find the lowest three eigenvalues of the electric eigenstates that satisfy

Hip = By and  4i(x) = i(z + a).


https://github.com/bud-primordium/Computational-Physics-Fall-2024

Explanation: Since the system is translation-invariant, i.e., ©;(x) = ¥;(x + a), we can use the plane wave basis

expansion

(x) \F§jcaﬁﬂ g=-N,-N+1,...,-1,0,1,...,N — 1, N.
In this basis set, the Hamiltonian can be represented in matrix form as
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To calculate Heida® , the periodic potential V'(z) can be expanded in Fourier series as V(z) — V,, where

N
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The basis wave function can then be written as:

. om © o an 2%
Het5r = (T + V)elq%x - a2 T 4 Z V/e (¢'+a) 5
€
Try constructing the Hamiltonian matrix H,, and solve the eigenvalue equation Hy; = E; to obtain the three lowest

energy eigenvalues.

Special note: You can use built-in functions to simplify the eigenvalue calculations and FFT transformations.
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Powered by IATEX pseudocode generator

Algorithm 1: Main Process Flow

Input: Uy, Ly, Ly, Ninitial, num__levels;pitiar, medium_ N, medium_ num__levels, large_ N,
large_num__levels

Output: Energy levels and wave functions, potential well plots, convergence analysis

1 Step 1: Fourier Coefficients Comparison,;

2 Vq_analytical,Vq_ fft < compare_fourier_methods (N;uitiai, Uo, Loy, L, a);
3 if compare_fourier_methods accuracy is high then

4 Proceed to next step;

5 end

6 Step 2: Convergence Check;

7 check_convergence (Uy, Ly, Ly, a, hbar, m__e);

8 Step 3: Energy Levels Calculation with Method A and B;

9 for Method in [A, B] do

10 eigenvalues, eigenvectors <— build_and_solve (Method parameters);
11 if degeneracies found then

12 ‘ Print "Degeneracies exist”;

13 end

14 else

15 ‘ Print ”No degeneracies found”;

16 end

17 end

18 Step 4: Plotting for Medium N;

19 eigenvalues_medium, etgenvectors__medium < build_and_solve (medium_ N, medium_num_ levels);
20 z_ medium,wave functions_medium < reconstruct_wavefunction_vectorized (eigenvectors medium);
21 V_x_medium < generate_potential_vectorized(x_medium);

22 plot_wavefunctions_and_potential (x_ medium,wavefunctions_medium,V_x_medium);

23 plot_energy_levels(eigenvalues_medium, medium_ N);

24 if Proceed to large scale then

25 Repeat plotting with large_ N and fit quadratic relation;

26 end



https://chatgpt.com/g/g-xJJAA2awf-latex-pseudocode-generator

Algorithm 2: Compute Analytical Fourier Coefficients

Input: N, Uy, Ly, Ly, a
Output: Fourier coeflicients V¢
1 n_list < get_n_list(N);
2 for FEach non-zero n in n_list do
3 ‘ Compute V¢[n] based on analytical formula;
4 end
Vq[0] «~ Uy - Lp/a;

6 return Vgq

ot

Algorithm 3: Build Kinetic Matrix

Input: ¢ values, a, hbar, m__e
Output: Kinetic matrix T’

1 for Fach q in q_values do
h?-(2mq/a)?

2me ’

2 \ Tlq,q] +
3 end

4 return T as a sparse diagonal matrix

Algorithm 4: Solve for Eigenvalues with Error Handling

Input: Hamiltonian matrix H, desired levels num_ levels

Output: Eigenvalues and eigenvectors, or an error message if solving fails

1 if eigsh can solve for eigenvalues then

2 (eigenvalues, eigenvectors) «— eigsh(H, k = num__levels, which = "SA”);
3 Sort eigenvalues and eigenvectors by eigenvalue magnitude;

4 return eigenvalues, eigenvectors;

5 end

6 else

7 Print "Error in eigenvalue solver”;

8 return None, None;

9 end

Algorithm 5: Reconstruct Wavefunction

Input: Eigenvectors, g wvalues, a
Output: Wavefunctions over extended domain

1 for Each eigenvector v do

2 for Fach position x in domain do

3 psi(x) < v -exp(2mi-q - x/a);

4 Normalize psi over extended domain;
5 end

6 end
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N=10, Lowest 3 eigenvalues (eV): [©.14464301 1.51649618 1.88295936]

No degeneracies found.
N=20, Lowest 3 eigenvalues (eV): [©.1446063 1.51647998 1.88283855]

No degeneracies found.
N=3@, Lowest 3 eigenvalues (eV): [©.14460216 1.51647846 1.88282499]

No degeneracies found.
Converged at N=3©

Bl 3 5 T

B=0 RN BT E R E B REOHATAB A L XT L

HiEA (Vq' €[-50, 50])
Lowest 3 eigenvalues (eV):
Level 1: 1.4460e-081 eV
Level 2: 1.5165e+80 eV
Level 3: 1.8828e+80 eV

No degeneracies found.

j7i%B (vq' €[-1ee, 1ee])
Lowest 3 eigenvalues (eV):
Level 1: 1.4460e-01 eV
Level 2: 1.5165e+80 eV
Level 3: 1.8828e+80 eV
No degeneracies found.

1 AR 7 B R 3N RE R AR 2 7. [2.39109506e-86 7.59823372e-08 6.01067236e-07]
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2.1 EHE

Use the file called sunspots.txt, which contains the observed number of sunspots on the Sun for each month since
January 1749. Write a program to calculate the Fourier transform of the sunspot data and then make a graph of the
magnitude squared |cg|? of the Fourier coefficients as a function of k—also called the power spectrum of the sunspot
signal. You should see that there is a noticeable peak in the power spectrum at a nonzero value of k. Find the
approximate value of k to which the peak corresponds. What is the period of the sine wave with this value of k7

Special note: You may use any built-in functions for the Fourier transform.

2.2 FYEiig
il scipy Y detrend MR M T, AT T(H Hanning % Vi RE S

w(n) = 0.5 (1 — cos (;”_”1))

E’Jxﬁl%ﬂlﬂi AR RO S SR MR, S A np. £t FEA TR B AR B A5 BIUE EIE R np. fft.ifft
PATE S M RIRT L o SRR EATAX N J R 130.6m =~ 10.9a, -5 K BH M -H8 K JR 33 S 3o WL (AR AT «
JEACHSAE src/analysis.py W, i51E1Z H % NigfTpython -u analysis.py HIRJ/53| 45 %, S5 4% numpy 5
scipy FEHHNIZSE, matplotlib FEZxE, HAW-T-GB1T R RERR 2B A B AR .
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