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Newton interpolation of:
(1) 10 equal spacing points of cos(z) within [0, 7];
(2) 10 equal spacing points mﬁ within [—1,1].

Compare the results with the cubic spline interpolation.
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Algorithm 1: Leja Node Generation
Input: a(float), b(float), n(int), m(int), f(function)
Output: nodes(array, shape = n)

=

x(array, shape = m) < discretize interval [a, b] into m points nodes(array, shape =n) ; // Initialize

array for Leja nodes

N

nodes|0] < z[arg max(|f(z)])] ; // Select the point where |f(z)| is maximum as the first node
3 fori<1ton—1do
4 distances[j] < min(|z[j] — nodes|[k]|) for k =0,...,i—1land j=0,...,m—1; // Compute minimum

distance from each point to the current nodes

5 nodesli] < z[arg max(distances)] ; // Select the point with the maximum distance as the next
node

6 end

7 return nodes ; // Return the array of Leja nodes

!Camargo, A.P. (2020). On the numerical stability of Newton’ s formula for Lagrange interpolation. Journal of Computational and
Applied Mathematics, 365.10.1016/j.cam.2019.112369

2Carnicer, J.M., Khiar, Y. & Pefia, J.M. (2019). Central orderings for the Newton interpolation formula. Bit Numer Math, 59, 371
386.10.1007/s10543-018-00743-2

3£ Numerical Recipes §3.1


https://doi.org/10.1016/j.cam.2019.112369
https://doi.org/10.1007/s10543-018-00743-2

Algorithm 2: Newton’s Divided Difference Method
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N

Qo

Input: z(array, shape = n+ 1), y(array, shape = n + 1)

Output: coef(array,shape =n + 1)

n < length(y) - 1 ; // Determine the degree of the polynomial
coef(array, shape =n+1) <y ; // Initialize coefficients with y values

for j + 1 ton do

for i + n to j do
‘ coef[i] < % ; // Compute divided differences
end

end

return coef ; // Return the array of divided difference coefficients

Algorithm 3: Cubic Spline Interpolation
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Input: z(array, shape = n+ 1), y(array, shape =n + 1)

Output: a(array, shape = n), b(array, shape = n), c(array, shape = n + 1), d(array, shape = n)

hli] < z[i + 1] — z[i] for i = 0,...,n — 1 AJ0,0] <~ 1, A[n,n] < 1; // Set boundary conditions
fort+1ton—1do

Ali,i — 1] < hl[i — 1], Ali, ] < 2(h[i — 1] + h[i]), Ali,i + 1] < hld] ; // Fill tridiagonal matrix
bli] «+ 3 (y[i+;EiTy[i} - y%{fjﬁ”) ; // Compute right-hand side vector for spline system
end
¢ < SolveTridiagonal (A,b) ; // Solve for c coefficients using the tridiagonal matrix
fori<0ton—1do

| bfi] U B ocli] + cfi+ 1)) 5 dfi] « S

end

a < y[0:n]; // Assign a coefficients from y values
return a,b,c,d ; // Return the spline coefficients

Algorithm 4: Solve Tridiagonal System (Thomas Algorithm)
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Input: A(array,shape = (n+ 1,n+ 1)), b(array, shape =n + 1)

Output: z(array, shape =n + 1)

0] + ;ﬂg:é}, d'[0] + % ; // Initial forward sweep for ¢ and d’
fori+ 1ton—1do

denom + Ali, i) — Ali,i — 1] - d[i — 1] ; // Calculate denominator for row i

d[i] + %, d'[i] + b[i]_A[;Z;Oﬂ;d/[i_u ; // Update ¢ and d for current row
end

bln]—Alnn—1)-d'[n—1] . . .

d'[n] + A[EZL]_%:H_]H,C[&_]I] ; z[n] + d'[n] ; // Final update for d'[n]
for i < n—1to 0 do
‘ xli) « d'[i] =[] - x[i + 1] 5 // Back substitution step for z[i]
end
return z ; // Return the solution array x
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(base) PS D:\BaiduSyncdisk\Work\Courses\Junior Fall\CompPhys\A
### Experiment 1: cos(x) with Equidistant Nodes #i#it

cos(x) - Equidistant Nodes

Newton Interpolation Max Error: 0.000000

Cubic Spline Interpolation Max Error: 0.006077
### Experiment 2: 1/(1 + 25x2) with Different Node Types #i##
### Node Type: Equidistant

1/(1 + 25x2) - Equidistant Nodes

Newton Interpolation Max Error: 0.300288

Cubic Spline Interpolation Max Error: ©.142804
### Node Type: Chebyshev #i##

1/(1 + 25x2) - Chebyshev Nodes

Newton Interpolation Max Error: 0.269097

Cubic Spline Interpolation Max Error: ©.284735

### Node Type: Leja #it#

1/(1 + 25x2) - Leja Nodes
Newton Interpolation Max Error: 5.143522
Cubic Spline Interpolation Max Error: 0.073877
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2.1 EHA

The table below gives the temperature 1" along a metal rod whose ends are kept at fixed constant temperatures. The

temperature is a function of the distance x along the rod.
(1) Compute a least-squares, straight-line fit to these data using T'(z) = a + bx.

(2) Compute a least-squares, parabolic-line fit to these data using T'(z) = a + bz + cz?.

7% 1: Temperature data along the metal rod

zi(em) 1.0 20 30 40 50 60 7.0 80 9.0

T; (°C) 14.6 18.5 36.6 30.8 59.2 60.1 622 79.4 99.9
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2.3 Ph1RRY

Algorithm 5: Pseudo-inverse computation and model fitting

Input: x(array,shape = n), T'(array, shape = n)
Output: S(array), T (array), RSS(float)

T
T 1 1 .. 1
1 1 .. 1
1 Alinear < , Aquadratic < |11 T2 -+ Ty ; // Design matrices for fits
ml 1'2 PEEEEY xn 2 2 2
a’:l 1'2 DY xn
2 Function compute_pseudo_inverse(A):
3 U,%, VT < np.linalg.svd(A4, full _matrices=False) ; // Compute SVD of A
4 foreach ¥; € ¥ do
5 if 3; > 107! then
6 | Sili) - &
7 else
8 | Sili] 0
9 end
10 end
11 Yiny  diag(Ziny) AT < VT -3y, - UT return AT
12 end
. d i . 2. i
13 B ATT; T < > i g Bix® 3 RSS Y (T —Thy)” ; // Compute residual sum of squares (RSS)

14 return Blineara Tﬁt, linear; RSSl'mear; 6quadmtic: Tﬁt, quadratics RSSquadmtic
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Least Squares Fit Results (Using SVD)
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(base) PS D:\BaiduSyncdisk\Work\Courses\Junior_ Fall\CompPhys
Linear fit result: T(x) = ©.8889 + 10.0733x

Quadratic fit result: T(x) = 8.2619 + 6.0517X + 0.4022x2
Residual Sum of Squares (RSS) for linear fit: 380.9596

Residual Sum of Squares (RSS) for quadratic fit: 331.1448
R2 for linear fit: 0.9411
R2 for quadratic fit: 0.9488

B 5 Lk
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Given n + 1 points (zo, 40), (z1,91), - - -, (Tn, Yn), the n-th order interpolation polynomial using Newton’s method is:
P, (z) = flzo] + flz1, xo](x — z0) + flxe, z1,x0](x —20)(x — 1)+ -+ fTn, Tn—1,. .., xo](x —x0) (T —21) . .. (T —2p—1)
where flx;, z;_1,...,x0] represents the divided differences. Taking the coefficients from the lower edge of the difference
table (i.e., flxnl, flXn, Tn—1],.. ., f[Zn,...,x0]), will this provide higher accuracy for values of x near x,?
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Newton Interpolation: Forward vs. Backward (e~ x)

Relative Error: Forward vs. Backward Newton

Difference in Relative Errors Between Forward and Backward
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Relative Error: Forward vs. Backward Newton

Difference in Relative Errors Between Forward and Backward

Newton Interpolation: Forward vs. Backward (sin(100x)) le—9
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