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Prove that the time complexity of Gaussian elimination algorithm is O(n?).
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Prove that the time complexity of LU decomposition algorithm is O(n?).
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2.1 @HwE
Using partial pivoting Gaussian elimination to solve the system of equations:
2x1 + 322+ bx3 =15
3x1 +4x9 4+ 8x3 =16
T, + 3x9 +3x3 =5
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2.3 Ph1RRY

Algorithm 1: Gaussian Elimination Solver

Input: Augmented Matrix (float,shape=(m,n)) ; // The augmented matrix from .in file
Output: Solutions (array) ; // May be no solution or parameterized solution

1 while True do

2 selected_file < SelectInputFile() ; // Select the input file
3 if selected_file is empty then

4 ‘ exit ; // Exit if no file is selected
5 end

6 InitMatriz(matrix, rows, cols, selected_file) ; // Initialize the matrix
7 ShowEquations(matrix, rows, cols) ; // Display the system of equations
8 exchange_count < GaussianElimination(matrix, rows, cols); // Perform Gaussian elimination

and record row exchanges

9 rank < DetermineRank(matrix, rows, cols) ; // Determine the rank of the matrix
10 consistent < CheckConsistency(matrix, rows, cols) ; // Check if the system is consistent
11 if not consistent then

12 ‘ DisplaySolution(”No solution”) ; // Display no solution message
13 end

14 else if rank < (cols — 1) then

15 ‘ DisplaySolution(”Parameterized solution”) ; // Display parameterized solution
16 end

17 else

18 solution <— BackSubstitution(matrix, rows, cols) ; // Perform back substitution
19 if solution exists then

20 ‘ DisplaySolution(solution) ; // Display the unique solution
21 end

22 else

23 ‘ DisplaySolution("No solution”) ; // If no solution exists, display no solution
24 end

25 end

26 choice + AskRunAgain() ; // Ask if the user wants to run again

27 if choice # "y’ and choice # 'Y’ then

28 ‘ break ; // Exit loop if the choice is not 'y' or 'Y'
29 end

30 end

31 WaitForExit() ; // Wait for program exit




Algorithm 2: Gaussian Elimination with Partial Pivoting
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11

12

13

14

15

Input: matrix (Matrix), rows (int), cols (int)
Output: exchange_count (int)

exchange_count <« (;

for k< 0 to cols—2 do
pivot < PartialPivoting(matrix, k, rows) ;
if pivot # k then
SwapRows(matrix, k, pivot) ;
exchange_count < exchange_count + 1;
end
for i < k+1 to rows —1 do
factor < matrix[i|[k] / matrix[k][k] ;
for j < k to cols—1do
| matrix[i][j] + matrix[i][j] - factor - matrix(k][j] ;
end
end

end

return exchange_count;

// Select pivot row

// Swap rows for pivoting

// Compute elimination factor

// Update matrix entry

Algorithm 3: Determine Rank

Input: matrix (Matrix), rows (int), cols (int)

Output: rank (int)

1 rank < 0;

2 for ¢ < 1 to rows do

3

4

5

10

for j < 1 to cols—1do
if matrizfi][j] # 0 then
rank < rank 4+ 1; // Check non-zero element in row except last column
break;
end
end
end
return rank;




Algorithm 4: Check Consistency
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Input: matrix (Matrix), rows (int), cols (int)
Output: consistent (bool)

for i < 0 to rows —1 do

all_zero < true;
for j < 0 to cols—2 do
if matrizfi][j] # 0 then
all_zero < false;
break;
end
end
if all_zero and matriz[i|[cols — 1] # 0 then
return false ;
end

end

return true;

// Inconsistent equation detected

Algorithm 5: Back Substitution
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Input: matrix (Matrix), rows (int), cols (int)
Output: solution (Vector)
solution < Vector(cols - 1);

for i < rows — 1 downto 0 do

sum < 0;
for j < i+ 1 to cols—2do
‘ sum < sum + (matrix[i][j] - solution[j]);
end
if matrizfi][i] == 0 then
‘ return solution does not exist ;

end

// Division by zero implies no unique solution

solution[i] + (matrix[i][cols — 1| — sum)/matrix[i[i] ; // Compute solution for variable i

end

return solution;




2.4 HHURH

Do you want to run the program again? (y/n): y
Multiple .in files found. Please select one:
il

. unique.in
Enter the number of the file you want to use (1-7): 6

Gaussian elimination completed.

The current system of linear equations is:
2 x1+3x2+5x3 5
3 x1+4x2+ 8 x3 6
1x1+3x2+3x3 5

Starting back-substitution process...
Calculating x3:

RHS after subtraction = ©.40

X3 = 0.40 / -0.40 = -1.6000

Starting Gaussian elimination process...

Processing column 1...

Swapping row 1 with row 2.

Eliminating element in row 2, column 1:

Multiplying row 1 by ©.6667 and subtracting from row 2.

Calculating x2:
©.3333 * x3 = -8.3333
RHS after subtraction = 3.3333
X2 = 3.3333 / 1.6667 = 2.0000

Eliminating element in row 3, column 1:
Multiplying row 1 by ©.3333 and subtracting from row 3.

Current matrix state:
3 4 8
e .33 -0.33

Calculating x1:
4.0000 * x2 8.0000
8.0e00 * x3 = -8.0000
RHS after subtraction = 6.0000
X1l = 6.0060 / 3.0000 = 2.0000

Processing column .

Swapping row 2 with row 3.

Eliminating element in row 3, column 2:

Multiplying row 2 by ©.20@0 and subtracting from row 3.

Current matrix state:
3 4 8
e 1.67 .33

The system has a unique solution:
X1l = 2.0000
X2 = 2.00080
X3 = -1.0ee0

Processing column 3... .
£ Time elapsed: ©.8247 seconds.

No need to swap rows for column 3.
Current matrix state:

3 4 8 6

] 1.67 8.33 3

Do you want to run the program again? (y/n): I

main™*

B 1 SRR quiz.in



The current system of linear equations is:
1 x1+2x2+3x3=24
2 X1 +4 x2 +6 x3 8
1 x1+ 2 x2+ 3 x3 5

Starting Gaussian elimination process...

Processing column 1...

Swapping row 1 with row 2.

Eliminating element in row 2, column 1:

Multiplying row 1 by ©.5600 and subtracting from row 2.

Eliminating element in row 3, column 1:
Multiplying row 1 by ©.5600 and subtracting from row 3.

Current matrix state:
2 4 6
e e

Processing column 2...
No need to swap rows for column 2.
Warning: Pivot element in row 2 is close to zero. The matrix may be singular.

Processing column 3...

No need to swap rows for column 3.
Warning: Pivot element in row 3 is close to zero. The matrix may be singular.
Gaussian elimination completed.

The system of equations is inconsistent and has no solution.
Time elapsed: ©.8894 seconds.

K 2: LS IE no.in




The current system of linear equations is:
1x1+2x2+3x3 6
2 x1l+4x2+6x3 12
3xl1+6x2+9Xx3 18

Starting Gaussian elimination process...

Processing column 1...

Swapping row 1 with row 3.

Eliminating element in row 2, column 1:

Multiplying row 1 by ©.6667 and subtracting from row 2.

Eliminating element in row 3, column 1:
Multiplying row 1 by ©.3333 and subtracting from row 3.

Current matrix state:
6 9
e =]

Processing column 2...

No need to swap rows for column 2.

Warning: Piveot element in row 2 is close to zero. The matrix may be singular.
Processing column 3...

No need to swap rows for column 3.

Warning: Pivot element in row 3 is close to zero. The matrix may be singular.
Gaussian elimination completed.

The system has infinitely many solutions.

Solution space dimension: 2

General solution:

x = [6.9000, ©.0000, 0.0000] + t1 * [-2.0000, 1.9000, 0.0000] + + t2 * [-3.0000, ©.0000, 1.8080]

Time elapsed: ©.0135 seconds.

Do you want to run the program again? (y/n): y
Multiple .in files found. Please select one:

. inf.in

. inf _2.in

. no.in

. pi_27.in

. pi_81.in

. quiz.in
Enter the number of the file you want to use (1-6):

The current system of linear equations is:
1x1+2x2+3x3+4x4=5
6 x1 +7 x2+8x3 +9 x4=10

Starting Gaussian elimination process...

Processing column 1...

Swapping row 1 with row 2.

Eliminating element in row 2, column 1:

Multiplying row 1 by ©.1667 and subtracting from row 2.

Current matrix state:

Processing column 2...
No need to swap rows for column 2.
Current matrix state:

Gaussian elimination completed.

The system has infinitely many solutions.

Solution space dimension: 2

General solution:

x = [-3.0000, 4.0000, 0.0000, ©.0000] + t1 * [1.0000, -2.0000, 1.0000, 0.0000] + + t2 * [2.0000, -3.0000, ©.0000, 1.2000]

Time elapsed: 8.8111 seconds.

K 3: Wi L5 LS inf.in,inf_2.in




The system has a unique solution: X4@
x1 = -1.6318 sl
X2 = -0.9868 a2
X3 = ©.8429 :ji
x4 -1.0154 %45
X5 = -8.9447 a6
X6 = ©.2995 -

-1.4177 X438

1.3829 X49

-90.4568 x58

8.9717 x51

-9.2491 x52

RHS after subtraction = 4.5511 = 1.e581 :ii

x1 = 4.5511 / 9.0080 = ©.5857 = ©0.7315 EE

= -98.1885 Y56

The system has a unique solution: = 1.6247 X57
8.5057 = .8925 x58

—;;Zz; .7258 x59
- : = 2

0.0473 = 9.2e15 xee

-8.7058 = ki X

-0.6934 20 = -2.3198 X62

-8.9219 = ©.4608 Bl

©.4977 -1.9414 X64

©.781e X65

23 = 1.5265
= 0.e197 Xx66

2.1042 24 = -2.4478 o
= -1.5972 25 = ©.9353 XE8
0.1461 26 = -9.6120 X69
= -0.3963 - 0.6882 ?
8.1691 - Eee x7@
= 9.2348 -8.45e3 x71
= ©.9394 = -1.1766 X72
-9.1236 = -1.4630 X73

= -0.0702 = -9.5930 x74

= -9.3895 = 5 x75
8.8455 -6558

= @.2198 = ©.0641 x7e

1.0598 = 1.8485 X77

= 9.3168 - ©.3373 S

= -0.8931 - 0.8479 x79

1.8243 _ s i X80

x27 = ©.4382 i . x81
Time elapsed: 3.4286 seconds. = 1.3626 Time elapsed: 62.7475 seconds.

= ©.0641

Do you want to run the program again? (y/n) = -0.9182 Do you want to run the program again?

B 4: [R7]JEZIREY pi_27.in Fl pi_81.in Xflt
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X yqyang

olut‘ion the system (rounded to 4 decimal places):

[-1.6318 .9868 .8429 -1.0154 -0.9447 .2995 -1.4177
L9717 .2491 .0581 0.7315 -0.1885 .6247 -0.8925
.8511 .319 .4608 -1.9414 .5265 .4478 0.9353
.4503 .1766 .463 -0.593 .6558 .0641 .0405
.0002 .3626 .0641 -0.9182 . 7534 .0658 .4881
.5683 .6131 .1306 1.5099 .0835 .6266 00,7832
.1876 .3249 .1671 LSS .6205 . 7486 .0633

3
.0176 .1525 .41 2.4528 .9063 L5773 .1413
0

.5376 .1484 .4359 .8827 .3133 .0475 .3452

(base) [yqyang@login2 ~]$ sacct -j 52927 --format=JobID,JobName%30,State,Elapsed,Start,End,NodelList
JobID JobName State Elapsed
NodeList

Matrix_Solver COMPLETED 00:00:13 2024-09-26T22:50:57 2024-09-26T22:51:10

[l 5: pi_81.in {fiJf] numpy PESKRAFAYELER
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3.1 JEH A

Solve the 1D Schrodinger equation with the potential (i) V(z) = x2; (ii) V(z) = 2* — 22 with the variational

approach using a Gaussian basis (either fixed widths or fixed centers)
) — ﬂ 1/2 ~vi(x—s;)?
dile) = ()2 .
Consider the three lowest energy eigenstates.
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1/4
¢i(z);(z) = < 2 > oxp (—vi(x — 50)* — vj(z — 55)*).

B vi(z — 5:)? + (@ — s5)* IR

2
(Ui n U') <.Z' B ViSi + ’Uij) n Uﬂ}j(Si — Sj)Q‘
J v; + v v; + vy

L, ¢i(2)d;(x) mTLAE BB e i ek By

di(z)¢j(x) = < 200 )1/2 exp (-W}J(SZ_SJ)Q) exp <—(Uz' + ;) (z — M)z) :

(v + vj) v; + v;

Horprm s s il p f 22 o g

= Vi8; + V;S; o2 — 1
Vi + v; ’ Q(Ui—l-’Uj)'

TRMTZHABRMHE V() = 2", FATTLEBRER DA HT ST AR Sl Glap,0?) 1 n
BrAE My, = B[2"] /2 A
Mo (11,0%) = My (1, 0%) + (0 — 1)0* My_(j1, %),
Horp
MO = 1, M1 = U.

P, BiILANE R AR (E R
My = H2 + 027
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My = p* + 6p20° + 30t
i b, BRER T AR N
Vij = Sij - My (p, 0?),
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14


https://bud-primordium.github.io/Computational-Physics-Fall-2024/Assignment_3/Problem_3/src/documenter_output/build/index.html

3.3 Dh1CRY

Algorithm 6: Interactive Entry Program for Solving the 1D Schrodinger Equation

Input: choice (str): User selection for potential type.

N (int): Number of basis functions.
v (Array|float]): Fixed or variable basis widths.
s (Array[float]): Basis center positions.

num_levels (int) [default=3]: Number of energy levels to compute.

Output: energies (Array), optional plots

1 while True do

2 DisplayMenu (); // Display menu options to the user
3 choice < GetUserChoice (); // Get user's menu selection
4 if choice equals ’q’ or choice equals ')’ then
5 Print ("Program exited.”); // Exit message
6 break; // Terminate the loop
7 end
8 (N, v, s, potential_list, params__list, name_list, num__levels) +— GetParameters (choice);

// Option 1: Custom parameters for V(z) = x?

// Option 2: Custom parameters for V(x)=z* — 2?2

// Option 3: Use default parameters for both problems

// Option 4: Custom polynomial potential up to degree 4
9 for i < 1 to Length(potential_list) do
10 (potential, params, potential_name) <+ (potential_list [i|, params_list [¢], name_list [i]);

// Get potential function and its parameters

11 (H, S) «+ BuildMatrices (N, v, s, potential, params); // Construct H and S matrices
12 (energies, states) <— SolveSchrodinger (H, S, num_levels); // Solve the eigenvalue problem
13 PrintEnergies (energies, potential_name, num_levels); // Output energy levels
14 if AskUserToPlot (potential_name) then
15 x_vals < Range (—5, 5, 200);
16 wavefunctions < InitializeArray (num_levels); // Prepare storage for wavefunctions
17 for n <+ 1 to num_levels do
18 ¢y, < ComputeWavefunction (x_vals, states [:,n], v, s, N); // Compute wavefunction ),
19 wavefunctions [n] <— NormalizeWavefunction (x_vals, ¢,) ; // Using trapezoidal method
20 end
21 PlotWavefunctions (x_vals, wavefunctions, num_levels, potential_name, params)
22 end
23 end
24 end
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Algorithm 7: Integral Functions for Gaussian Basis

1 Function OverlapIntegral (vy, si, va, S2):

2

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

Vp ¢ V1 + V2;

1)1’[)2(81 — 82)2 \/U1U2'

exponent, prefactor <+ —
v
P

Sij + prefactor x ecrponent

return S;;;

end

i \/m I

Function KineticIntegral (vy, $1, V2, S2):

viva(s) — s2)% ol

1.5,0%.5

Up — V1 + V2;
exponent, prefactor + —
Up
numerator < v, — 2v12(s1 — 59)%;
T;j < prefactor x numerator x e
return T;;;
end

’ \/%vp25;

exponent.
)

Function PotentialIntegral (vi, 1, v, S2, N):

Vp < U1 + V2;
2
v1va(s1 — S2)
exponent  —————=—;
Up
0102 .
S’L] X eexp(men ;
V/TUp
V181 + V252
)
7
0% — —;
2vp
M,, < ComputeMoment (n, p, 02);
%j < Sij X Mn )
return V;;;
end

Function ComputeMoment (n, u, 02):
if n =0 then
‘ return 1;

else

end

end

// Combined width parameter

// Exponent and prefactor

// Compute overlap integral

// Combined width parameter
// Exponent and prefactor

// Numerator in kinetic integral

// Compute kinetic energy integral

// Combined width parameter

// Compute overlap integral
// Mean of combined Gaussian

// Variance of combined Gaussian

// Compute the n-th moment
// Compute potential energy integral

// Compute M, using moments of the normal distribution

| return g (7 Fok - (n— k- 1)1

// General formula for M,
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Algorithm 8: Matrix Construction and Schrédinger Equation Solver

1 Function BuildMatrices (N, v, s, PotentialFunction, PotentialParams):

2 Initialize H and S as N x N zero matrices;
3 for i <1 to N do
4 for j < ¢ to N do
5 Si;j < OverlapIntegral (v[i], s[i], v[j], s[j]);
6 Tij < KineticIntegral (v[i], s[i], v[j], s[i]);
7 Vij < PotentialFunction (v[i], s[i], v[j], s[j], PotentialParams);
8 H [i,j] + T;; + Vij;
9 S [i, 4] < Sijs
10 if ¢ # j then
11 | H (5,4, S [j,d] + H[i,4], S [i,]);
12 end
13 end
14 end
15 return H, S;
16 end
17 Function SolveSchrodinger (H, S, num_levels):
18 (E_values, E_vectors) < GeneralizedEigenSolve (H, S);
19 idx < Indices that sort E_walues in ascending order;
20 energies < E_values[idx[l..num_levels]]; // Select lowest num_levels energies
21 states <— E_vectors[:, idz[1l..num_levels]); // Corresponding eigenvectors
22 return energies, states;
23 end

17
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3.4 HiAonpi

PS D:\BaiduSyncdisk\Work\Courses\Junior Fall\CompPhys\Assignment_3\Problem_3> julia .\src\main.jl
Number of threads available: 1

Main Menu:

1. Custom parameters for V(x) B2

2. Custom parameters for V(x) X"q - xM2

3. Use default parameters to compute both problems

4. Custom polynomial potential function up to degree 4

g. Quit

Enter your choice: 3

Lowest 3 energy levels for V(x) = x"2:

Energy Level 1: E = ©.7871067813698129

Energy Level 2: E = 2.1213283442876€9

Energy Level 3: E = 3.5355341084215834

Do you want to plot the wave functions for V(x) = x*2? (y/n) y

Lowest 3 energy levels for V(x) = x*4 - x"2:

Energy Level 1: E = ©.33804912680928106

Energy Level 2: E = 1.6129285856489783

Energy Level 3: E = 3.670688355604094

Do you want to plot the wave functions for V(x) = x* - x*2? (y/n) y

Wave Functions and Potential

(V(x) = x"2)
=4 25
=4 20
03
—4 15
X oo S
5 Y
4 10
_03 -
45
_06 -
1 1 1 1 1 | 0
-4 -2 0 2 4
X
Wave Functions and Potential
(V(x) = x4 -x"2)
4 600
Potential V(x)
0.6
4 500
o3 - 400
X X
= r 4 300 &
5 0.0 S
4 200
-03
4 100
—o6 -
40

Bl 6: BT 3: ATERASHECORE V = 2® 5V =2 — 2 RHHI 3 PMHER
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Main Menu:
. Custom parameters for V(x) = x"2
. Custom parameters for V(x) = x"4 - x"2
. Use default parameters to compute both problems
4. Custom polynomial potential function up to degree 4
gq. Quit
Enter your choice: 4
Enter the number of basis functions N: [Default: 4] 2@
Select parameter setting:
1. Fixed v, varying s
2. Fixed s, varying v
Enter your choice: 1
Enter the fixed value of v: [Default: ©.5] 1.8
Suggested range for s is from -50.8 to 50.©
Enter the starting value of s: [Default: -50.0]
Enter the ending value of s: [Default: 5€.0]
Enter the number of energy levels to compute: [Default: 3] 8
Enter the coefficients of the polynomial potential (degree up to 4).
Format: c4 c3 c2 cl cP (separated by spaces) [Default: 1 © -1 @ @]
Enter coefficients: @ @ 8.5 @ ©

Lowest 8 energy levels for V(x) = 8.5x"2:

Energy Level 1: 0.49999999999983596

Energy Level 2: .4999999999998588

Energy Level 3: .56666000000005014

Energy Level 4: . 5000000000060068

Energy Level .500000000214053

Energy Level .500008000868257

Energy Level 7: .5600008026257764

Energy Level 8: . 500008049588105

Do you want to plot the wave functions for V(x) = ©.5x22? (y/n) y

Wave Functions and Potential
(V(x) = 0.5x72)

N ouwm bk wN R

Potential V(x)| 1 12
0.6
=4 10
0.4
18
0.2
x x
> 00} 16
—02 | 14
—0.4 | 15
_06 -
40

=

7 BRI 4 SRARE E PRV = g2” KILHT 8 RN
19
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PS D:\BaiduSyncdisk\Work\Courses\Junior Fall\CompPhys\Assignment_3\Problem_ 3> julia .\src\main.jl
Number of threads available: 1
Main Menu:
. Custom parameters for V(x)
2. Custom parameters for V(x) = x*4 - x2
. Use default parameters to compute both prcblems
. Custom polynomial potential function up to degree 4
gq. Quit
Enter your choice: 4
Enter the number of basis functions N: [Default: 48]
Select parameter setting:
1. Fixed v, varying s
2. Fixed s, varying v
Enter your choice: 1
Enter the fixed value of v: [Default: ©.5]
Suggested range for s is from -10.e@ to 1.0
Enter the starting value of s: [Default: -10.0]
Enter the ending value of s: [Default: 1€.e]
Enter the number of energy levels to compute: [Default: 3]
Enter the coefficients of the polynomial potential (degree up to 4).
Format: c4 c3 c2 cl c® (separated by spaces) [Default: 1 € -1 © 8]
Enter coefficients: @ e 1 -2 1

Lowest 3 energy levels for V(x) = 1.ex"2 + -2.ex"1 + 1.ex"@:

Energy Level 1: E = ©.7071067813680183

Energy Level 2: E = 2.12132063458789566

Energy Level 3: E = 3.535534103415371

Do you want to plot the wave functions for V(x) = 1.8x*2 + -2.ex"1 + 1l.ex"e? (y/n) y

Wave Functions and Potential
(V(x) =1.0x"2 + -2.0x™1 + 1.0x™0)

y1 Potential V(x)
W2
0.6 w3 430
0.3 |
— T 20 —_
ke =
> 0.0 >
-0.3 110
—-0.6
| 40
-4

el 8: R 4: SKAEEE BBV = (v +1)% JHHT 3 PR

e ARSIV = 2t~ WREGHESEE V = 2 P
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