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Sketch the function 3 — 5 +3 =0

(i) Determine the two positive roots to 4 decimal places using the bisection method.

Note: You first need to bracket each of the roots.

(ii) Take the two roots that you found in the previous question (accurate to 4 decimal places) and “polish them up”

to 14 decimal places using the Newton-Raphson method.

(iii) Determine the two positive roots to 14 decimal places using the hybrid method.
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K 1: Plot of 22 — 52 +3 = 0.



BETAER, 40 (0.1] B (1,2 21, 4064 /R, %01 Python ST /MMt
2, JL./Codes/Problem 1/bisection_visual.py, {# /i python -u bisection_visual.py A] AR HizfT (F58i%
% matplotlib,numpy J). iz247/5H =, /2l @i M ER AR B E CIXEAES, ol AETTiEs.

./Codes/Problem 1/HiAfg C++ LI vk, Adiyk. JRATE. Brent 15 Ridder ¥, BYESLHIERIE T
methods.cpp H', main.cpp M5t HHE 5% H., plotting.cpp ] ASCII £ T [K, functions.cpp HHfFME T4
RS SR, PR T T RIENE AL, utils. cpp BLEA T TH L, 7205t S H =/NA iy
UG i 3 25 5 S 0 IR 2O A E =R BRI, ] g++ *.cpp -o main %i¥, ./mainzfT (HWACAGHE
UFf) main.exe), FHREURTDAERESFITESE —RILE, WATLAE & LERK N 5EEESH.

JEAKE SKAR B BN, AR 24 SURAA . TERIPIRZIZEIRA Numerical Recipe WIBHE, &
PSR T2 =i, B SEATEEINE ) . R T AR TEL, £ e NEE, e e BWEFEHE,
BB 2 5 2 N i ) Brent 4 5Ridder VA IEA BB, 75 scipy BHMAENH CiEEEM, ARG
EiFI% A GNU Scientific Library HUMIMIEMi 2, MMM, £ GPT MRS, N C++ L8l T —ld,
I E WAL BT P A A 55 E 2R e TRy, B TRZIFEARR ATy, B ERHTm LA (bushi)!

Ridder YU H #ILEREAE— K. X —IRIIAE SRR R Zt:, BB S EC B R 7 RIA
fE, THRHLYE, BRESFAERELRE 1.618 Byl sibdl, HAE2aa At _nk. HAHA Ridder &
W H—T h(z) = f(2)e®, H—DHEEHE T REBEER IELMATH

Ja@1—20) ::f(w1)-—Skﬂﬂf(xoﬂ\/f(xl)Q—-JKﬂb)f($2)'
f(x2)
TEVCEAY EREE A R AL, 5 X A RR L ARG Bk, PARAS Z—RpgitE, B ISR EC
V2~ 1.414 < 1.618, but who cares about theory? SZFrait 2 REER, FEHS 5.
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https://numerical.recipes/book.html
https://github.com/scipy/scipy/blob/v1.14.1/scipy/optimize/_zeros_py.py#L679-L807
https://github.com/scipy/scipy/blob/v1.14.1/scipy/optimize/_zeros_py.py#L581-L676
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Algorithm 1: Bisection Method
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11
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13

Input: a, b (long double), tol (long double), max_iter (int)
Output: ¢ (long double)

for i < 1 to maz_iter do
a+b
2
if b —a| < tol then
‘ break
end
if f(a)- f(c) <0 then
‘ b+ c

end
else

‘ a<—c

end
end

return c

// Approximate root

// Compute

// Convergence

// Update

// Update

midpoint

achieved

interval

interval

Algorithm 2: Newton-Raphson Method

10

11

Input: zy (long double), tol (long double), max_iter (int)
Output: z (long double)

for i < 1 to maz_iter do

if f'(z¢) = 0 then
‘ raise error "Derivative zero”
end
v J{'m
if |x — x0| < tol then
‘ break
end
To ¢ T
end
return x

// Approximate root

// Compute next approximation

// Convergence

achieved

// Update current value




Algorithm 3: Hybrid Method

=
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Input: a, b (long double), tol (long double), max_iter (int)

Output: ¢ (long double)

for i < 1 to maz_iter do
a+b
b 2
if %“ < tol then
‘ break

end

- _ . [flo
if f'(c)#0 andd—c—f/(c)
if |d —¢| < tol then

‘ return d

end

if f(a)- f(d) <0 then

| bed

end

else

‘ a<+d

end

continue

end

if f(a)- f(c) <0 then
‘ b+ c

end

else

‘ a4+ c

end

end

return c

is in (a,b) then

// Approximate root

// Compute midpoint

// Convergence

// Convergence

// Update

// Update

achieved

achieved

interval

interval

// Proceed to next iteration

// Update interval (Bisection)

// Update interval (Bisection)




Algorithm 4: Brent’s Method

Input: a, b, tol (long double), max_iter (int), decimal_places (int)

Output: root (long double)
1 if f(a)- f(b) > 0 then

2 ‘ raise error "Brent’s method fails. f(a) and f(b) should have opposite signs.”

3 end

4 if |f(a)] < |f(b)] then
5 ‘ Swap a <> b

6 end

7 c$a, s < b, mflag < True

8 for i + 1 to maz_iter do

// Approximate root

// Ensure a corresponds to the larger |f(x)]

// Initialize c¢, s, and set bisection flag
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35

if /(1) # f(c) and f(a) £ f(c) then
e e 0@ b @@ e f@)-f0)
(fla) = f(0) - (f(a) = f(e)) ~ (f(b) = fla))- (F (D) = f(c)) ~ (f(c) = fla))- (f(c) = f(D))
// Inverse quadratic interpolation
end
else
b—a
s+ b—f(b) ———— // Secant method ste
N D0 P
end
. 3a+b
if s < or s >b or (mflag and |s — b| > |b—c|/2) or (not mflag and |s —b| > |c—d|/2) or
(mflag and |b—c| < tol) or (not mflag and |c —d| < tol) then
a+b ) . q s
‘ 5 , mflag < True // Bisection step for stability
end
else
‘ mflag < False // Use interpolation or secant step
end
c<b, f(c) < f(b) // Update c and prepare next iteration
if f(a)- f(s) <0 then
‘ b+ s // Set new upper bound
end
else
‘ a< s // Set new lower bound
end
if |f(a)| <|f(b)| then
‘ Swap a <> b // Ensure |f(a)| > |f(b)| for stability
end
if [b—a| < tol then
‘ break // Convergence achieved within tolerance
end
end
return b




Algorithm 5: Ridder’s Method

Input: a, b (long double), tol (long double), max_iter (int)

Output: z (long double) // Approximate root
1 for ¢ < 1 to maz_iter do
b
2 c < a—2|— // Compute midpoint

3 | s /f(c)2—fla)f(b)
4 if s =0 then

5 ‘ return c // Convergence achieved

6 end

7 sign < sgn(f(a) — f(b)) // Determine sign

8 x+c+ (c— a)—c - sign // Compute new approximation
s

9 if |f(z)| < tol then

10 ‘ return x // Convergence achieved
11 end

12 if f(c)- f(z) <0 then

13 ‘ a+c, b+—=x // Update interval
14 end

15 else if f(a)- f(z) <0 then

16 ‘ b« x // Update interval
17 end

18 else

19 ‘ a<x // Update interval
20 end

21 if b —a| < tol then
22 ‘ break // Convergence achieved

23 end

24 end
a+b

25 return




ata/anaconda3/|
pPhys/r 2 b s 2 1
Bisection Method Dynamic Visualization Dynamic Visualization Choose the interval
Choose the interval to iterate for the root: F e i val to iterate for the root: 1: Find the root in
1: Find the root in the interval [0.@, 1.8] 1: Find the root in the interv: R .e] 2: Find the root in
2: Find the root in the interval [1.5, 2.8] 2: Find the root in the interval [1.5, 2.8] : Custom interval

, enter the left and right endpoints

3: Custom interval, enter the left and right endpoin : Custom interval, enter the left and r endpoint ease enter your choice (
Please enter your choice (1/2/3): )
00000, . . . Iteration 1:

50000, . . ( ; Iteration 2:

Please enter your choi enter the left endpoint a: -o.
.50000, ; =1 . enter the right endpoint b: 1.5

Iteration 1: c = 0.50000, f(c) = ©.62500
00008,

Iteration 1: =
Iteration
Iteration

Iteration 50000, : 5 . 2 Iteration

Iteration 4: 62500, - - ( Iteration Iteration
Iteration

s b
0.
0.
Iteration 65625 - - -0.05608 Iteration - 0.
65625 - - ( -0.02747 Iteration Iteration 6: - = 0.
65625 - - ( -0.01308 Iteration 0.
Iteration -0.00586 Iteration Iteration 0.
Iteration - - - - ( = -0.00225 Iteration - - - .834 - 7 Iteration 0.
Iteration - = 0. - 7 (c) -0.00044 Iteration - = 1. t - - 2. Iteration

Iteration - - ) 0.00047 Iteration

Iteration - - Rk .65662, f(c) = ©.00002 Iteration 12: =1. - .834 Iteration

Iteration - - = 0. .65668, f(c) -0.00021 Iteration i

Iteration

Iteration Iteration

o. 1
o. 1
0. 1
e. - 1 8
Iteration 5: 0.62500, - - ( - 3 Iteration 5: - - = 1. .8309 Iteration 4
o. 1
o. 1
o. 1
e. 1

Converged to root: ©.656677246@9375, after 14 iterations. Converged to root: 1.83428955078125, after 13 iterations
PS D:\BaiduSyncd: \Courses\Junior Fall\CompPhys> [| rk\Courses\Junior Fall\CompPhys> [|
to root: 0.65667724609 , after 15 iteration

1.4 Hifnpl

*.Figure 1 — [m] X

AEI Q=X

Bisection Method Iteration 2

4 4/ Iterations: 2 —_— fix)=x>-5x+3
a = 0.50000
b = 1.00000

c = 0.75000
f(c) = -0.32812

f(x)
=

0.2 0.4 0.6 0.8 1.0 1.2

K 3: bisection_visual.py ZfjiH~E



Select a method (1-7): 6
--- Problem Steps Execution ---

Part (i): Bisection Method to find roots to 4 decimal places
Root in [-3.00, -2.00]: -2.4909

Iterations: 14

Root in [@.0@, 1.00]: ©.6567

Iterations: 14

Root in [1.0@, 3.00]: 1.8343

Iterations: 15

Part (ii): Newton-Raphson Method to refine roots to 14 decimal places
Refined root starting from -2.4989: -2.498863615361803

Iterations: 3

Refined root starting from ©.6567: ©.65662043104711

Iterations: 3

Refined root starting from 1.8343: 1.83424318431392

Iterations: 3

Part (iii): Hybrid Method to find roots to 14 decimal places
Root in [-3.00, -2.80] (Hybrid): -2.49086361536103
Iterations: 87

Root in [6.00, 1.80] (Hybrid): ©.65662043104711

Iterations: 104

Root in [1.00, 3.88] (Hybrid): 1.83424318431392

Iterations: 11

--- Summary of Problem Steps Results ---

Method: Bisection Method
Root 1: -2.49@9 | Iterations: 14
Root 2: ©.6567 | Iterations: 14
Root 3: 1.8343 | Iterations: 15

Method: Hybrid Method
Root 1: -2.49086361536103 | Iterations: 87
Root 2: ©.65662043104711 | Iterations: 104
Root 3: 1.83424318431392 | Iterations: 118

Method: Newton-Raphson Method
Root 1: -2.49086361536103 | Iterations: 3
Root 2: ©.65662043104711 | Iterations: 3
Root 3: 1.83424318431392 | Iterations: 3

Do you want to run the program again? (y/n): I

&l 4: main.cpp B 6, #81H 72 =Mk



PS D:\BaiduSyncdisk\Work\Courses\Junior Fall\CompPhys\repo\Week 2\Codes\Problem 1> ./main.exe

Function Plot:

FokkAk kR

x range: [-3, 3]
range: [-10, 10]

Available methods:

1. Bisection Method

2. Hybrid Method

3. Brent Method

4. Ridder Method

5. Newton-Raphson Method
6. Problem Steps Mode

7. Compare All Methods
Select a method (1-7): 7

-- Comparison of All Methods (Precision: le-14) ---
Method Root 1 (-3,-2 Iterations Root 2 (@,1) Iterations Root 3 (1,3) Iterations
Bisection Method -2.490863615361029 E ©.656620431047109 : .834243184313927 48
Newton-Raphson Method -2.490863615361032 E ©.656620431047110 .834243184313922 6
Hybrid Method -2.490863615361032 ©.656620431e47110 G .834243184313922 11e
Brent's Method -2.490863615361032 E ©.65662043147110 .834243184313922 36
Ridder's Method -2.490863615361032 ©.656620431047111 .834243184313922 5

Note: Precision is set to le-14, output displays 15 decimal places.

K 5: main.cpp B 7, XFECH RN VE

2 J8H 2: kBB MR
2.1 EHHE

Search for the minimum of the function g(z,y) = sin(x + y) + cos(x + 2y) in the whole space.

2.2 Pk

JR AR 0T A R B RS ER I, (EER “ﬁE ARESR ORI ], BB ER S T AR 2 AR SR A TR

W, LR EE IR, BB, BRI UL RILHIM T R, FE Numerical Recipe 11 §10.6 A TEAHMINT 4,
AFRHFINX B EFRIT AR Z i — H R 2 R, el FRER R FOR R Learning Rate o /241
TR, MRl B e 2K o T RSRE R AR By E TR R, XA AR S il TR zig
zag MG, MINMEETEEIA IR, 2R TR BV EAE FEA AL BHLR K AR AR T R — R AT HL 2 SR 2R

Yo X BIET E 0 T RE TIEEFEE S —ATD, BE & %7 ing.




) Thompson FIFEIAL, SRIAGHBE 4B HEEZIXAS, F2EIEN{E T hhh, BHEEREEEA L FIL LY,
B — P2 m s, ANt AT AR P I 0 A Y R I . DU SEA TR R R T R LY, T B L
PR A SHE Brent KIRYE . £ Numerical Recipe 1 §10.4 83| T —FRFEF BN Downhill Simplex Method
HE, BT —4EpiA, @ HEMAE . RUAE, (B sEEt 7.

i g++ *.cpp -o main %%, ./mainizfT (A CEHPFI main.exe), FREER ] AR LA
—RIE, WA PAE E AR EERIIGE

2.3 Ph1RRY

Algorithm 6: Steepest Descent Method
Input: xg, yo (float), a (float), maxIter (int), tol (float)

Output: z, y (float) // Approximate minimum
1 & 4 20, Y < Yo
2 for ¢ < 1 to mazIter do
3 compute gradient V f(z,y)
4 if |V f(z,y)| < tol then

5 ‘ break // Convergence achieved
6 end

7 (z,y) ¢ (z,y) —a-Vf(z,y) // Update variables
8 end

9 return z, y

10



Algorithm 7: Nonlinear Conjugate Gradient Method (Fletcher-Reeves)

Input: g, yo (float), maxIter (int), tol (float)

Output: z, y (float) // Approximate minimum
1 T4 Xo, Y < Yo
2 Vf <« Vf(z,y)
3d+« —Vf // Initial search direction

for i < 1 to mazIter do

'y

// Backtracking Line Search (Armijo Condition)
// Find step size « such that

[z +ady,y +ady) < f(z,y) +c o (Vf-d)

// Determine step size «
6 (z,y) < (z,y) +a-d

7 V foew < Vf(z,y)

8 if |V frew|| < tol then

9 ‘ break // Convergence achieved
10 end

IV faewll? .
11 B+ ———— // Fletcher-Reeves coefficient

IV ]2
12 d+ —Vfew+06-d
13 Vf+ Vfoew

14 end

15 return z, y

11



Algorithm 8: Simulated Annealing

Input: g, yo (float), Ty (float), Tmin (float), o (float), maxIter (int)

Output: z, y (float) // Approximate minimum
1 X < g, Y < Yo
2 T+ 1Tj // Initial temperature
3 feurrent < f(x,y) // Current function value

4 for i <+ 1 to mazIter and T > Tmin do

// Generate a new candidate solution

5 | Tpew & ¢ +U(—0.5,0.5), Ynew < y +U(—0.5,0.5) // RandomUniform
6 frew f(xnewa ynew)
7 A fncw - fcurrcnt // Change in function value

// Acceptance Criterion

8 if A <0 ore 7T >1(0,1) then

9 T 4= Tnew, Y < Ynew // Accept new solution
10 Jeurrent < fnew // Update current function value
11 end
12 T+ a-T // Cool down
13 end

14 return z, y

12



Algorithm 9: Genetic Algorithm
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Input: Population size N, Generations G, Mutation rate pm, Crossover rate pc
Output: Approximate minimum solution (z,y)
population + {(z,y) | z,y ~U(—10,10)} // Initialize population randomly
evaluate_ fitness(population) // Evaluate initial fitness
for generation 1 to G do
for i < 1 to N do

a,b < random__selection(population)

add min(a, b) to selected__population
end
for ¢ < 1 to NV step 2 do
if ¢4(0,1) < pc then
a <+ U(0,1)
offspring 1.x < a- selected__population[i].x + (1 - «)- selected__population[i + 1].x
offspring 1.y < a- selected population[i].y + (1 - «)- selected population[i +
offspring_ 2.x <— a- selected__population[i + 1].x + (1 - a)- selected__population][i].

]

1.y
[1].x

offspring 2.y < a- selected__population[i + 1].y + (1 - «)- selected__population[i].y

replace selected__population[i] and [i + 1] with offspring 1, offspring 2

end

end
for each individual in selected__population do
if ¢4(0,1) < pm then
individual.x < clip(individual.x + ¢ (—0.5,0.5), -10, 10)
individual.y <+ clip(individual.y + ¢(—0.5,0.5), -10, 10)
end

individual.fitness < f(individual.x, individual.y)

end

population < selected_ population

end
best <« argmin{ f(z,y) | (z,y) € population}

return best.x, best.y

13



2.4 HHURH

PS D:\BaiduSyncdisk\Work\Courses\Junior Fall\CompPhys\repo\Week 2\Codes\Problem 2> .\main.exe

Optimization Algorithms Menu:
. Steepest Descent Method
. Conjugate Gradient Method
. Simulated Annealing
. Genetic Algorithm
. Compare All Methods

Enter your choice (1-5): 5

Comparing All Methods with Default Parameters...

Default Parameters:

Initial x: ©.ee@0, Initial y: ©.e000

Steepest Descent alpha: ©.8858, maxIter: 100000, tol: 1.000e-08

Conjugate Gradient maxIter: 10000, tol: 1.000e-08

Simulated Annealing TO: 20€0.000, Tmin: 1.080e-88, alpha: ©.998, maxIter: 200000

Genetic Algorithm populationSize: 188, generations: 5008, mutationRate: ©.0200, crossoverRate: ©.8000

Results:

Steepest Descent Method:

Minimum at (-©.€eeee, -1.57080)
Minimum value: -2.00008

Total iterations: 22503

Execution Time: 9.97@e-04 seconds

Conjugate Gradient Method:
Minimum at (©.eeeee, -1.57080)
Minimum value: -2.00008

Total iterations: 75

Execution Time: ©.080e+0@ seconds

Simulated Annealing:

Minimum at (6.28167, -1.56745)
Minimum value: -1.99998

Total iterations: 2590

Execution Time: ©.080e+0@ seconds

Genetic Algorithm:

Minimum at (©.08761, -1.57460)
Minimum value: -1.99999

Total iterations: 5eeeee
Execution Time: 6.543e-02 seconds

Do you want to run the program again? (y/n): I

K 6: main.cpp B2 5, XFECPOFh ¥




3 8H 3: HRRET BB T REg 5 Dk A%
3.1 @ H ik

Electron in the finite square-well potential is, (Vp = 10eV, a = 0.2nm)

V(z)
Vo z<—a Regionl o o
Viz) = — i
() 0 a <z <a Region Il Region I Region III
Vo z>a Region III Regibn 11
T

K 7: Finite square-well potential and its corresponding mathematical expression.

Find the three lowest eigen states (both energies and wavefunctions).

3.2 RYFihk

KFRNRIRI T, S0 Griffiths (0BT 1233800, SEARHEER, SR RIRHET (K5)

WL, — RS MRATSR M, BB RREIY: . /Codes/Problem 3/potential.py, “—FiA(t
SKfift: ./Codes/Problem 3/schrodinger.py, 24r7/RM MR, & T 0 ZH0%8E, Hlids i Python 523
T, KRR,

5RO R AR, AR A A PR A T B UL R I AR B RO, (E A
BRI s SR, fE 4RO, B

TEBTHORR b, A 20 ORI o = (o) F5, FIRSHKN do. B84k S0 ok o Ay BHGE
ok

()| i — 20+ i

dz? e, dax?
BEHULIE, ARG ST E H 2] DUH XA IR o WA S0 MR A oo AT EEXT f oG Hh Bl e
AP RETIL[FI AT Lo X T4 PIAS p5 i
1. %HaIC Hli,d) A8 sh RETAI 3 RE T

2. JERtAIC Hliyi+ 1) F0 Hliyi — 1) RA&3hEED
Hlii 4+ 1] = Hiii— 1] = — 1 <1>

I, WMEWERE H gl

15



2h2 h?
T 2mdax? + V(xi_l) 2mda:2
= S, FL2
H ' 2mdx? 2mdac2 + V(‘TZ)
hZ
2mdx>

0

XA =X A A P SR AR VR, T DARFE R GE R RE R

3.3 Th1CRY

FL2
2md12

5> 1 V($Z+1)

2mdx

EfEL B DASH A R 4o

Algorithm 10: Intersection Calculation and Plotting of Functions

Input: z (float), f1(2), f2(2), f3(2)
Output: Intersections between fi(z) and f3(z), f2(z) and f3(2)
1 2o + 3.240175521;

2 fi1(z) < tan(z); fa(z) < —cot(2);
3 2€ (0.1, 20}, 2 #£n- 5, n €

4 z + Solve(fi(z) = f3(2));

5 z < Solve(fa(z) = f3(2));

6 z + Exclude(z = n - §);

7 Plot(f1(2), f2(2), f3(2));

8 hﬁark(fl(z)Fth(z),red);

9 Mark(f2(z) N f3(z), green);
10 Add axes, grid, title, legend;

11 return Intersections(fi(z), f3(2), f2(z), f3(2));

fa(2) 4/ (2)" =15

// Initialize parameter z

// Define functions

// Define valid range for z

// Find intersections of f; and f3
// Find intersections of fy and f3
// Exclude invalid solutions

// Plot all functions

// Mark valid intersections of f; and f3

// Mark valid intersections of fo and f3

// Customize the plot

// Return valid intersections

16



Algorithm 11: Finite Difference Solution of the Schrédinger Equation for a Finite Potential Well

10

11

12

13

14

15

16

Input: Constants h, m, Vg, a, N, L
Output: Bound state energy levels Epoung (€V)

N + 1000, L <+ 10x 1077, // Number of points and length scale
2L

dx < N_1 // Spatial step size

i+ —L+i-dx, fori=0to N —1; // Generate grid points
_‘/07 lf X S a

v e

// Potential inside the well(O, otherwise // Potential outside the well

fori+ 1to N —2do

‘ Hij 11, Hj;< =2, Hj41+ 1, // Fill the Hamiltonian matrix
end
H<+ H- L)Q // Construct Hamiltonian matrix H

2m dx?

Hi; < H; +V;, fori=0toN —1; // Add potential to Hamiltonian
Find eigenvalues FE,, and eigenvectors v, such that Hv, = E,{p; // Solve eigenvalue problem
Evound < {En | En <0, n>0}; // Select bound state energies
Phound ¢ corresponding eigenvectors ,; // Extract corresponding wavefunctions
Ebound_ev < Ebound/€; // Convert energy to eV
Up wn/\/z |¢n (x;)|?dx, for each 1, in Ypound; // Normalize each wavefunction
Plot ¢y, (x) shifted by E,, for each E, in Epound ev; // Plot normalized wavefunctions
return Eyound v // Return bound state energies
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&l 8: potential.py fiEMT EfiVE
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